ABSTRACT. Given a positive integer n, one may ask if there is a right triangle with rational sides having area n. Such integers are called congruent numbers, and are closely related to elliptic curves of the form y 2 = x 3 − n 2 x. In this paper, we generalize this idea and show that there is a correspondence between positive integers n associated with arbitrary triangles with rational sides having area n and the family of elliptic curves y 2 = x(x − n τ)(x + n τ −1 ) for nonzero rational τ .
1.
Introduction.
The Indian mathematician Brahmagupta, 598 668 A.D., considered triangles with integral sides and integral area. Triangles with rational sides and area are known as Heron triangles. We are motivated by the following question: given a positive rational number n, does there always exist a rational triangle [a, b, c] with area n? This is a generalization of the congruent number problem, where the rational triangle is assumed to be a right triangle. For example, n = 1 is not a congruent number, but it is the area of a rational triangle:
, and c = 17 6 =⇒ n = 1.
We may restrict our attention to integers n because n 1 /n 2 is the area of a rational triangle [a, b, c] if and only if n 1 n 2 is the area of a rational triangle [a n 2 , b n 2 , c n 2 ].
In this paper we study Heron triangles by considering the family of elliptic curves
as a generalization to the congruent number problem, i.e., when τ = 1.
In fact, our main result is has a rational point which is not of order 2.
For example, the rational triangle [a, b, c] is related to the curve with
(For more explicit formulas, see (2.11).) This is closely related to the notion of the θ-congruent number problem as first outlined in [6] . However, our results are different since we work with Heron triangles, i.e., we always assume the area of the rational triangle is rational.
As a consequence of this main result, we have Proposition 1.2. Fix a positive integer n.
(1) There are infinitely many rational triangles with area n. Such statements were already shown in [5] and [9] . We present simplified proofs by exploiting properties of E (n) τ . We also present a detailed description of isosceles triangles by studying the torsion points on E (1) n is the area of an isosceles triangle.
(2) 2 n is a congruent number.
has a rational point of order 4 for some nonzero rational τ .
(See Propositions 3.1 with Corollary 3.2.) In the congruent number problem, if the associated elliptic curve E
has a rational point of order different from 2, then the Mordell-Weil group is infinite. However, there are integers n associated to elliptic curves E (n) τ for τ = 1 having rational points of order different from 2 yet having finite Mordell-Weil group. For example,
arising from the isosceles triangle [5/2, 5/2, 4] with area n = 3. These results do not appear to be in the literature.
Moreover, we list a table of data for Heron triangles [a, b, c] with given area n for 1 ≤ n ≤ 50, along with information about the Mordell-Weil Groups of the associated elliptic curves E (n) τ . We find that the elliptic curves of interest often have rank at least 2, a phenomenon that was also discovered in [3] . As an example, consider n = 30; this is a congruent number since it is the area of the [5, 12, 13] and (240, 6480).
Elliptic curves.
We begin our exposition by relating the geometry of Heron triangles to the algebra of elliptic curves. 
has a rational point which is not of order 2. Moreover, n is a congruent number if and only if we can choose τ = 1.
A positive integer n is called congruent if it is the area of a right rational triangle. It is well known that such numbers correspond to the elliptic curve y 2 = x 3 − n 2 x. More properties can be found in [7, Chapter 1] . The proof which follows mimics that construction. We are motivated by the formula in Exercise 3(b) on page 9 of that text. The reader may also notice similarities with the formulas in [6] for the so-called θ-congruent number problem.
Proof. Say that we have a triangle A B C with area n. We explain how to construct the elliptic curve above. Let a denote the length of side A; and similarly with b and B; c and C. Denote θ as the measure of angle ∠C between sides A and B so that the area of the triangle is n = (1/2) a b sin θ.
We give a parametrization of the lengths of the sides. First, we claim that both cos θ and sin θ are rational. Indeed, by considering the Law of Cosines and the area, we have the relations
Denote τ as the rational number
A B C is a right triangle then we may orient the triangle such that τ = 1. Now consider the rational numbers u = (a − b cos θ)/c and v = (b sin θ)/c. The Law of Cosines states that
in terms of
Hence, there is a rational number r such that (2.5) a = r(t 2 + 2 t cot θ − 1), b = 2 r t csc θ, and c = r(t 2 + 1).
Make the substitutions (2.6)
They are related by the equation
Denote by E (n) τ the (projective) curve defined by this cubic equation. We claim it is an elliptic curve, where the rational point P = (x, y) does not have order 2. The discriminant of the curve is
and is nonzero; hence, the cubic does indeed define a nonsingular curve. The point P has order 2 if and only if y = 0; but this cannot happen since y = n 2 /r = 0.
Conversely, we explain how to construct a rational triangle with area n from points on the elliptic curve. Let (x, y) be a rational (affine) point on E (n) τ which is not of order 2. Of the four points (2.9)
we can choose one with positive x-and y-coordinates. Without loss of generality, say (x, y) is such a rational point with x > 0 and y > 0. A rational triangle with sides of length
, and c = x 2 + n 2 y has area n, as can be verified by Heron's formula (1.2).
We list for reference the transformation from the rational triangle to the elliptic curve: (2.11)
Triangle to Curve Curve to Triangle
where s = (a + b + c)/2 in Heron's formula and x > 0, y > 0 for the elliptic curve. As an example, when n = 1, the rational triangle [3/2, 5/3, (17)/6] mentioned in the introduction corresponds to the rational point (4, 6) on the elliptic curve E (1) 2 . In fact,
3. Torsion subgroups. As explained in the previous section, if the elliptic curve E (n) 1
: y 2 = x 3 − n 2 x has a rational point which is not 2-torsion, then n is congruent. The more general elliptic curve E (n) τ constructed above has all of its 2-torsion rational. Explicitly, when
Proposition 2.1 explains why we wish to avoid such points of order 2. In the congruent number problem, it is well known that the only torsion points on the elliptic curve E
are the points of order 2, but in general there may be points of other orders on E (n) τ . Our goal in this section is to completely characterize the torsion points. We will show that the torsion subgroup of E
with the latter case corresponding to isosceles triangles.
Proposition 3.1. Fix a positive integer n. Denote the (hyper)elliptic curves
has a rational point of order 3 for some τ if and only if there exists a nontrivial rational point on C (n) , i.e., a point (u, v) with u = 0. We will see below that C (n) has no nontrivial rational points. However, D (n) does have nontrivial rational points for certain n. For example, when n = 3 then (u, v) = (2, 5) is such a point.
Proof. Say that (x, y) is a point of order 3 on E (n) τ . Then x is a root of the 3-division polynomial
(See [10, p. 105] for the definition of a division polynomial.) Since x = 0 is rational, we express τ in terms of x:
Then (x 2 + n 2 )(9 x 2 + n 2 ) = v 2 for some rational number v. Moreover, since y is rational we have
so that x = u 2 for some rational number u = 0. Hence (u, v) is a nontrivial point on C (n) . The converse is clear.
Now say that (x, y) is a point of order 4 on E (n)
τ . Then x is a root of the 4-division polynomial
Since x is rational, we only have four possibilities for x:
In either case, this implies n 2 + (n τ ) 2 = v 2 for some rational number v. Again, considering the y-coordinate we have
In either case this implies (n τ ) 2 = u 4 for some rational number u. Hence (u, v) is a nontrivial point on D (n) . Again, the converse is clear.
Corollary 3.2. Fix a positive integer n. The following are equivalent:
(1) D (n) has a nontrivial rational point.
(2) n is the area of an isosceles triangle. 
τ [4] .
Then the positive numbers
define a rational isosceles triangle with area n. The converse is clear.
⇔ 3. Say that [a, a, c]
is an isosceles triangle with area n. Scale the triangle by a factor of 2 to find an isosceles triangle [2 a, 2 a, 2 c] with area 4 n. Choosing the side with length 2 c as the base, the height of the triangle is 4 n/c, a rational number. We fold the isosceles triangle in half and find a right triangle with base c, height 4 n/c, hypotenuse 2 a, and area 2 n. Hence, 2 n is a congruent number. Again, the converse is clear.
We list for reference the transformation from the rational isosceles triangle to the curve D 
where s = (2 a + c)/2 = (2 b + c)/2 in Heron's formula and u > 0, v > 0 for the curve. As an example, when n = 3, the rational triangle [5/2, 5/2, 4] corresponds to the rational point (2, 5) on the curve D (3) . As predicted by the corollary, 2 n = 6 is a congruent number because it is the area of the right triangle [3, 4, 5] . The proof of the first part of the proposition is similar to that of [9, Theorem 3; note the remarks on page 10 of that article]. The proof of the complete proposition uses the full power of a result of Mazur [8] classifying the torsion subgroups of rational elliptic curves, although a more creative proof using class field theory has been pointed out to the authors by Archimescu and Ramakrishnan; it will appear in the doctoral thesis [1] of the former.
Proof. Assume that E (n) τ
has a rational point of order 6. Then it also has a point of order 3, so C (n) has a nontrivial rational point, say (u, v), by Proposition 3.1. Denote (U, V ) = (u 2 /n, v/n) as a nontrivial rational point on the elliptic curve (3.13)
However, using a symbolic computer package, we see that the only (affine) rational points on this curve are (U, V ) = (0, ±1). (For example, one may do this using MAGMA: the commands Points() with PointsKnown() find four projective points, where two are at "infinity.") This is a contradiction, so E (n) τ does not have any rational points of order 6.
Similarly, say (x, y) is a rational point on E (n) τ of order 8. Consider the point
in terms of the 4-division polynomial introduced in (3.7). This is a point of order 4, so say X 2 − 2 n τ X − n 2 = 0. (The other roots come from the reflection τ → − τ −1 .) As stated in the proof of Corollary 3.2, n τ = u 2 and X = u 2 + v for some rational u and v on the curve v 2 = u 4 + n 2 . Choose a rational number z such that
2 ) is a nontrivial rational point on the elliptic curve
Again, using a symbolic computer package we see that the only (affine) rational points on this curve are (U, V ) = (±1, 0). (Again, the MAGMA command Points() finds four projective points where two are at "infinity.") This is a contradiction, so E (n) τ does not have any rational points of order 8.
We now focus on the last two statements. The torsion subgroup of E Proof. First, we show that there exists at least one triangle having area n. Following Proposition 2.1, it suffices to find some E (n) τ with a rational point not of order 2. We choose
By the formulas in (2.11), we have the rational triangle with sides
4 n 2 − 1 , and c = 20
which indeed has area n. The point (x, y) does not have order 2 because y = 0 when n is a positive integer.
It is easy to verify that a = b so by Proposition 3.1, along with Corollary 3.2, the point (x, y) does not have order 4. Proposition 3.3 implies this point is not torsion, and hence must be a point of infinite order. Proposition 2.1 constructs a rational triangle out of [m] P having area n for each nonzero integer m so we have infinitely many triangles.
The second statement was shown in Proposition 2.1 (and is well known) while the third statement is just Corollary 3.2.
To show the last statement, say that we have a triangle A B C with area n, where θ is the measure of angle ∠C between sides A and B. Then, by the proof of Proposition 2.1, we have a rational point on the elliptic curve E (n) τ where τ = tan(θ/2). Since A B C is not isosceles, it corresponds to a point of infinite order on E (n) τ by the preceding discussion. But each point corresponds to a rational triangle of area n having fixed angle θ, so we have infinitely many such triangles.
Examples and data.
In this section we present examples of triangles and elliptic curves. We list rational triangles [a, b, c] having small denominators associated to positive integers n not greater than 50. All of these entries may be verified by Heron's formula: where we list the highest rank of the various orientations of the triangles; in many cases there was more than one such choice of orientation. We list only the generators of the free part of the MordellWeil group, where at least one of the generators maps to the triangle listed. The finite part of the Mordell-Weil group is chosen to be Z/2 Z × Z/2 Z.
In many cases, the rank is greater than 1. This phenomenon was also discovered in [3] , where the authors considered Heron triangles with rational medians. It may be possible that the examples of rational triangles below have such properties, although we have not examined this in detail. The Heron triangles were computed on a dual processor PowerMac G4 using algorithms written in C and Mathematica . The ranks of the elliptic curves were computed using MAGMA [2] on William Stein's "Mathematics Extreme Computation Cluster At Harvard" (MEC-CAH).
